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ABSTRACT

We know that calculating complex integrals is not as easy as calculating real integrals. Also, the complex integration
techniques in comparison to real integration techniques are limited. In this paper we attempt to introduce partial-fraction
decomposition technique of real integration for complex integration and with respect to the nature of complex integrals,
generalize this method for a certain type of complex integral function that has no standard conditions.
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INTRODUCTION

To calculate real integraIJ. f (xX)dx , if the function under

the integral f(X) is a rational function in the
Pa (X) : _

form , one of the best methods to integrate is
P, (X)

partial-fraction decomposition technique (Maron, 1970)
.On the other hand, in the general case, we know that
calculation of complex integral typically, is done by one
of the following methods: 1) Using complex integration
definition or primitive function, 2) Using Cauchy or
Cauchy-Goursat theorem, and their generalization, 3)
Applying  Cauchy's integral formula and its
generalization, and 4) Using the residue theorem and
Laurent expansions. Each of aforementioned methods has
their own terms and difficulty in calculating (Brown, and
Churchill, 1996). In the present study, we want to
combine partial-fraction decomposition integration with
methods 2 or 3, and introduce partial-fraction
decomposition  integration method for complex
integration, and then generalize it for some certain
complex functions which have no standard conditions to
use it. First we review methods 2 and 3 as it is required in
this paper.

Cauchy Theorem: Let function f be analytic at each
point inside and on simple closed contour ¢ and f'be
continuous at each point inside ¢ . Then we have
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ff z)dz=0

Proof. Assume that parametric equation of simply-closed
c is as below which is in positive direction:

a<t<b
Z(t)=x(t)+iy(t)
And let function f(z)=u(x, y)+iv(x, y) be inside

and on simple closed contour c. Then according to
complex integral definition, we have

5€f dz—jf ).Z'(t)dt
Also, we know

F(2(1)-2 (1) =(u()x () -v(t)y' (1)) +i(v()x (1) +u(t)y' (1))

Therefore,
ff dt_j (ux' —vy’ dt+|f (vx'+uy")dt

Slnce
dx = x'(t)dt,dy = y'(t)dt
Then

ff dz_j (udx—vdy) +|j vax +udy )

Assume that R is at any pomt inside simply-closed
contour c. since function f is continuous in R, then V and

U are continuous, and since f' is continuous, then the
first-order partial derivatives of v and U in R are
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continuous. Therefore, according to Green’s theorem we
have

F1c dz_ff[—a—v—g—ujdA ff[a—u——JdA
But according to Cauchy-Riemann equations
ov ou ou_ov

ox ay 6X 8y
Hence both integrals in the right side of above equation

are zero, thus [ﬂ f (Z)dz =0

Cauchy-Goursat theorem: Let function f be analytic at
each point inside and on simple closed contour ¢. Then

we haveff dZ—O

Proof. Brown and Churchill (1996)

Example 1: find complex integral 55 dz where ¢
Z —
C

is contour of positively oriented circle |Z| =
2

Since function is analytic at any point inside

z-3
simply-closed contour c, then based on Cauchy-Goursat
theorem, the resulting integral is zero.

Example 2: evaluate complex integral

f 1

—————dz =0 where c is contour of positively
¢ 2°+22+2

oriented circle|Z| =

Since function is analytic at any point

22 +22+2

inside simply-closed contour c, then based on Cauchy-
Goursat theorem, the resulting integral is zero.

Note: Cauchy-Goursat theorem for multiple connected
domains is also established.

Example 3: find complex integral

[ﬁz;zdz

oD sin(;)

between circle |z|=4 and a rectangle with sides along x =+
1landy == 1 in positive direction.

Z+2
Since function ———= is analytic at any point inside
s.n( j

where D is the contour of domain

and on multiply- connected domain D, then

fidz=0
D sin(zj
2
1

Example 4: evaluate complex integral ‘22322 +1

where D is the contour of domain between circle |z|=4
and a rectangle with sides along x =+ landy=%1in
positive direction.

dz

Since function is analytic at any point inside

3z° +1
and on multiply- connected domain D, then
¢ dz=0.
3z° +1

ob

Cauchy's integral formula: suppose f is analytic at any
point inside and on simply-closed contour c in positive

direction and Ze is a point inside c. then:
1 f(z
f(z,)==—— Ldz
2ml Y, 1-1,
Proof. since f is continuous in Zo, hence
vex>0,3c>0;Vz(lz—z0|<o=|f{z)—f(z0)| <=
Now let an arbitrary positive number p be less than O

and circle Colz — 2ol =P be inside or on simply-closed
contour c in positive direction. Then
lz -zl =p=If(2) — flzo)l < ¢

f(z)

Since function £ — Zp is analytic in a closed contour

including paths c and Co, and at all points between them.
According to Brown and Churchill (1996), we know

fLZ)dZ =fﬂdz
c Z—Z0 % Z—Z0
So we can write

f -t (z,) L ar- g )

¢ 2—1Z, o 2—2, z-17,

On the hand, we know
1
dz = 2mi

552—20 7 =2mi
Then

10 4 i (z)= g HE TR,

e 21—, ¢ -1,

Since the length of Co is equal to 272 | based on Brown
and Churchill (1996), we can write
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jMdz <Eorpome
c -1, P

Therefore,

fwdz—&zi f(z,) <27
A

Since the right-hand side of this inequality is non-negative
integer constant and is smaller than any small arbitrary
positive number, it should be zero. This completes the
proof.

Generalization of Cauchy's integral formula: let
function f be analytic at all points inside and on simply

closed contour ¢, and Zo be a point on c. then

n! f
f(”)(zo): 55 (z )m dz

2ri c (Z—Z )
Proof. First we show that

1 f(z)

o) =555} g
Let 0 < |ﬁZ| <d  where d is the shortest distance of
Zg TO points Z on c. then, following Cauchy's integral

formula, we have
f(z+A2)-f(2) 1 [ 1 Jﬂdz—i 1

- ==z
Az 2z \z-2y-A7 7-17,) Az 27i % (2-2,—Az)(2-12,)

Now, since f is continuous on c, then we want to show
that, letting 42 +0 | The latter integral tends to

f(z) o _ _
f—dz . To do this, first we write the difference
(z-12,)
between the two integrals
‘95 1 1
2
¢ | (2-2,-A2)(2-12,) (z-2,)
as
e 1)
‘95 (2-2,-A7)(2-2,)
Then we assume M denotes maximum value of If(Z)| on ¢
and L is the length of c. Note that 1Z—Zo! = d | and

f(z)dz

|z — 2o — Azl = ||z — 25| — |Az]| = d — |az] | Thys
xf f(z) | < |Az| ML :
¢ (2-2,-A2)(2-12,) (d—|Az|)d

where the last fraction tends to be zero. If 4Z = 0 thus

lEToff(z+AZ)z_f(ZO):Zinijf(zf_(;))z i

Then

1_55 f(z) d

f’(zo): 27i ¥ (Z—ZO)Z

Similarly, the theorem for the n™ order derivative is also
proved.

Note: Cauchy's integral formula for multiple connected
domains is also established if f is analytic at any point
inside and on multiply-connected domain D in positive

direction and Zo is a point inside domain D. then:

Zz

f(zo):ziﬂim%dz

n! f(z
H ( )n+1 dZ
27l 5 (Z—ZO)

" (z,)=

Using Cauchy’s integral formula and its generalization
to calculate complex integrals (method 3): if

function f(z) is analytic on and inside multiply-
connected domain D or simply- closed contour ¢ in
positive direction, and let Zo be a point inside D or c. then

f(z)
;‘?D e ) f[zn}jl 2mi
8

por o2 2 1D
arc

= 2mi f(z,)

z

(9 z )(z +1)
where ¢ is contour of positively oriented circle|z| =

Z

Let function 9 — zZ be analytic throughout ¢, and —1 be
a point inside circle. According to Cauchy's integral
formula we can write

Example 5: find complex integral ‘95

dz = 27i

oy

p(Zz)d

Example 6: evaluate complex integral f z

c

where c is contour of positively oriented circle|z| =

Let function @X P(22) pe analytic on and inside ¢, and 0
be a point inside circle. According to Cauchy's integral
formula we have

f—expeXp(zz)dz 2;'((exp(22))‘ _o-2A

4
¢ Z
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1
Example 7: evaluate complex integral f—zdz
¢ (z2 + 4)
where ¢ is 1z — il = 2.
1
Let function (Z + 21)? pe analytic on and inside ¢, and
2i pe a point inside circle. We have

¢ ! sdz=¢ 21 zdz:z—”i 1 : Iz=2i:£
g (zz+4) ¢ (z+2i) (z-2i) Wl (z+2i) 16
Example 8: find complex integral f dz where c

. 2°+4
|S|Z—1|=2
1

Let function Z2 + 4 be analytic on and inside ¢, and 2i
be a point inside circle. Thus

f ! dz =2mi _1 - _I
4 21+ 2i 2

It +
cos(z-1
Example 9: find f(—dz where 0D is

o (2-1)(2* +9)
{ Z| < 2

the contour of multiply- connected domain 2z
in positive direction.

cos(z-1)
gg(z—l)(z2

Example 10: find 55( 5 )
o(z°—4

~0dz where 0D is the

1
. =< |z—-1l <=2
contour of multiply- connected domain 2 1z |

in positive direction.
We have:

z+1 2m z+1 | T
f——dz="|| —— ||z=2=-—=
P (z2 —4) Ul (z+2) 16

Complex Integration with Partial-Fraction
Decomposition Technique

According to the fundamental theorem of algebra, we
know that every n™  degree  polynomial

p,(2)=a,z"+a 2" +..+a, (i=1..,n)
a € C has n complex root % .In general, the roots can be
divided into two categories: a) Distinct roots as

Z,,2,,...Z,, , and b) Non-distinct roots and some of them

Zi. - which are repetition of T'1, -

as Zigr e Tk degree. In
this case, according to (a), n" degree polynomial pn(Z) ,
can be decomposed as:

p.(z)=a,(z-2)(z-12,)..(z—2,) and according to
(b), n™ degree polynomial P,(Z) can be decomposed as

p.(2)=a,(z2-2)..(z2-2,)".(z-2 )" .(z-2y)

Now we consider the complex integral m f (z)dz where

c is a positively-oriented simple closed contour and
z

f (2) is a complex rational function in the form pm—(())
P, (2

(M<n). Assume that more than one of P, (Z) roots is

inside simple closed contour (otherwise integration will
be calculated by one of the methods 2, 3, or 4), Then we
introduce one of following integration modes as complex
integration with partial-fraction decomposition technique:

e If the roots of n™ degree polynomial P, (Z)is like
type (a), the partial fraction decomposition of Pw(2) is

P (2)
given by
z
p.(2) z-7 z-7, " z1-g
Where A;... A, are distinct constants that are solved by

denomination of the right-hand fraction and equating
coefficients of terms in polynomials of two sides of
fraction, thus

[ﬁf(z)dz U‘j A dz+gj Az . +g] A* @z @

Each of above mtegrals can be eaS|Iy calculated by
Cauchy or Cauchy-Goursat theorem.

e If the roots of n™ degree polynomial P, (Z)is like

_ . ” Pn(2) .
type (b), The partial fraction decomposition of ———— is
P, (2)
given by
m@_ A B B B A ®)

P2 z-z, T z-z T (z-z)* T (z-z)" "+z—zN

Where A and B are distinct constants which are solved by
denomination of the right-hand fraction and equating
coefficients of terms in polynomials of two sides of

fraction, thus

1@ :U:_%Zldz +.A.+chf—“z|‘dz +.A.+U§ A iﬁh)n o

B’u
«..+Iﬁdz+“.+uf:'“Z dz

¢ i ¢ N

(4)

c
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Each of above integrals also can be easily calculated by
Cauchy or Cauchy-Goursat theorem.

Here are some examples:

Example 11: find complex integral
37" -

deZ where ¢ is contour of positively
Z+2

oriented circle|z| =

Since the degree of polynomials of the numerator and
denominator are equal, first divide the denominator into
the numerator:

32-4 _ 9z-10
7 -32+2 7 -32+2
In this case, the roots of right-hand polynomial

z? — 3z + 2 can be decomposed as:
3z -4 1 8
=3+ +

22 -37+2 z-1 z-2
Thus

3 2
@ﬁdz—ﬂj3dz+[ﬁz_ dz+mz_

=o+27i(1) + 271(8) =187i
Example 12: find complex
U-] 2’ +4
> (2% +22° -32° -8z 4)

positively oriented circle |z| =

integral

dz where c is contour of

The partial fraction decomposition is given by

-1 1
2+4 3 1 N 3 . 1
(z*+22°-32*-82-4) (z+1) (z+)* (z-2) (z+2)
Thus
-1
| Zs+4 _ 3 _ 3
@(144,223_312_31_4) dz = . (z+1) u](z+l) LL dZ+U]Z

=2m(‘§) —ot 2m(§) +27i(1) = 27i

Example  13: evaluate

m 7" -1
> 7t —2iz° - 72

oriented circle|z| =

complex  integral

dz where ¢ is contour of positively

The roots of polynomial of denominator can be
decomposed as:
3 3i
2’ -1 5 1 10 1
TP o3 2, T
2" -2iz° -z z 2 (z—|) (z-i)?
Thus
3i 3i
-1 5 1 10 1
—d = d dz- d
sz o [ﬁ r [Cﬁz2 ’ v (z—1) +[p(z—i)z ’
= i(— o— i1(— c:_3—7[
—27z|(5)+ 2ﬂ|(10)+ c

Generalization of the method for non-standard
complex functions

If a complex function under the integral |]] f (z)dzis not

9(2)
P,(2)

g(z) is analytic at each point inside and on simple

closed contour c, integration with partial-fraction
decomposition can be done as following:

e If the roots of n" degree polynomial P,(Z)is like

rational but as the form provided that the function

can be

type (a), then rational function

1
p,(2)

decomposed as:
1 __A A

pn(z) -7, 1-1,

®)

Where A;... A, are distinct constants solved by
denomination of the right-hand fraction and equating
coefficients of terms in polynomials of two sides of
fraction, thus

gjf(z)dz [ﬁAig(Z)d +U‘jﬂdz+ +DjA‘g(Z)d (6)

Again, each of above integrals can be easily calculated by
Cauchy or Cauchy-Goursat theorem.

o If the roots of n™ degree polynomial P, (Z)is like

type (b), then rational function can be
P, (2)

decomposed as:

1 — A: Bl Blﬁ Bkl Bm AN (7)

m_ﬁ+...+(2712“)+...+(272h)ﬁ+ ”+(Z—z,k)+m+(z—z‘k)'* :...+H
Where A and B are distinct constants solved by
denomination of the right-hand fraction and equating
coefficients of terms in polynomials of two sides of
fraction, thus

b ®

v1-1,

Ag(2) B.9(2) ,,9(2)
i f(z)dz :iﬁdz«..ﬁ-@mdz«.. ch(z—zh

Each of above integrals can be easily calculated by
Cauchy or Cauchy-Goursat theorem.

2(1+sin(”2))

Example 14: get dz where ¢ is the

72 -1

C
cycle |z| = 2in positive direction.
According the roots of denominator polynomial, we have
2 1 1
22-1 z-1 z+1
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Thus ) ul 1 i 1
z 4 4 4 4
dz= dz + dz + dz +
2 2

[ch =q] z-1 dz+[]j z+1 az

C

:Z;ri(1+sin(%)) +27i(1+ sin(%)) =4zi

22C0S7zZ .
Example 15: find Uj dz where ¢ is
7% +47°-3z-18
the cycle |z| =5 in positive direction.
We have
4 4 6
2z _25 25 ., 5
28 +47°-3z-18 7-2 z+3 (z+3)
Therefore
2700872 %COSIZZ %COSIZZ ECOSIZZ
®z3+422—3z—lSZ:‘CJ z-2 dz—fﬁ Z+CJ (z+3)° o

=2ni(%cos 21)- 27 (215 cos(-37)) + 2ni(i5”sin(—3;r)) - ;i;ni
1-2¢*
-27%+z

dz where ¢ is the

Example 16: find Dj >

cycle |z| = 2in positive direction.

We have

1t 21 2 1
2+ 12 71 (z-1?
Thus

U:]ZAi—ZZZSS:-Z _mz(l 2e)dz ml 2e’ dz— ﬁ2(1 Ze)dz ml 29
=27i(2(1-2¢")) + 2 zi(-2e°) — 27i(2(1— 2e)) + 27i (- 2e)7127r|(e 1)
Note that integration with partial-fraction decomposition
and its generalization, according to Cauchy-Goursat
theorem or Cauchy's integral formula, can be expanded
and used for multiple connected domains 2

4dz where ODis
z +27%+1

Example 17: evaluate

1
the contour of multiply- connected domain E < |Z| <2in

positive direction.
To solve this, we have
—i 1 I 1
) - = -
z __4 i 4 n 4 n 4
2 +27°+1 (z-i) (z-i)® (z+i) (z+i)

Therefore,

i i
=27i(—) +o+27i(=)+o=0
(4) (4)

Example 18: find m%z where 0D is the
z2°-52+6

contour of multiply- connected domain 1<|z|<4 in
positive direction.

We have
1 2 1 2 1
2 2 + 2 + 2
(z°-5z+6)° z-2 (z-2)° z-3 (z-3)
exp(z—2) 2exp(z 2) exp(z— 2) 2exp(z-2) exp(z—2)
E@(zksue) —Uj Eﬁ(z 27 [@ -3 = +_-[ -3

—2m(Zexp(o))+2m(e><p(o)) 27i(2exp(1))+27i(exp(l))= 67r|(l €)

Logz
Example 19: evaluate Uj - g dz where
C (2 +iz% + 2 +1)
oD is the contour of multiply- connected
domain 1<[z—3/<2 in positive direction.
(Let L og z be on the principal branch)
We have
-1 1 . -1
. I I —
- _ 4 .4 4
i’ +z+i z-i (z+i)  (z+i)
Thus
—L gz l(3—i)Logz lLogz
Lﬂ Logz —LU4 4 Z_f 4 dz
2 (P +iz +z+i) 5 (z+1) 3 (z+i)
:2ni(7|og(i))+2ni(%(3-i)|og(-i))-2”i(%i):”72(4-i)+%
DISCUSSION

Real integration with partial-fraction decomposition can
be applicable for rational functions, while complex

integration mf(z)dz can be used on simple closed
C
contour ¢ or multiply- connected domain D whether

9(2)
(

n

f (z) be rational or in the form where g(z) is
analytic at each point inside and on simple closed contour
¢ or multiply- connected domain D. Also calculating the
integral by this method is much simpler and easier than
using residue theorem or Laurent expansions methods.
Our proposed method makes Cauchy or Cauchy-Goursat
theorem or Cauchy's integral formula more efficient.
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